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The quantum field theory model studied in our recent paper [1] demonstrates that
quantum properties of a model depend in a great extent on the functional space we
integrate over.
Here we study a toy model: ϕ4-interacting quantum field theory in one-dimensional
”Euclidean” space-time. We prove that the functional integrals of the free field theory
evaluated over the space of continuous functions are equal to the functional integrals
of the interacting field theory evaluated over a set of spaces containing the spaces of
discontinuous functions.
Consider the functional integral
∫
exp

−12
1∫
0
(ϕ˙(t))2dt−
1
2
1∫
0
ϕ4(t)dt

 dϕ . (1)
Here we suppose for simplicity that the field function ϕ(t) (the stochastic process) is
defined on the finite closed interval [0, 1].
The integral (1) exists for continuous field functions (ϕ(t) ∈ C[0, 1] ) . It is the integral
over the Wiener measure exp{−1
2
1∫
0
(ϕ˙(t))2dt} dϕ , the integrand exp{−1
2
1∫
0
ϕ4(t)dt} being
a bounded functional.
Notice that here all the derivatives are understood in a generalized sense.
After the substitution
χ(t) = ϕ(t) +
t∫
0
ϕ2(τ)dτ , (2)
formally we get
χ˙(t) = ϕ˙(t) + ϕ2(t) ,
and
1
2
1∫
0
(χ˙(t))2dt =
1
2
1∫
0
(ϕ˙(t))2dt+
1
2
1∫
0
ϕ4(t)dt +
1∫
0
ϕ˙(t)ϕ2(t)dt . (3)
1
The last term in the equation (3) is the Ito stochastic integral [2]
(t=1)∫
(t=0)
ϕ2 dϕ =
1
3
[
ϕ3(1)− ϕ3(0)
]
−
1∫
0
ϕ(t)dt .
So, we can make the conclusion about the formal equality of the integrals
∫
exp

−12
1∫
0
(ϕ˙(t))2dt−
1
2
1∫
0
ϕ4(t)dt−
1
3
[
ϕ3(1)− ϕ3(0)
]
+
1∫
0
ϕ(t)dt

 dϕ
and ∫
exp

−12
1∫
0
(χ˙(t))2dt

 dχ .
It can be easily verified using the discrete versions of the integrals where the substitution
(2) looks like χ(tk) = ϕ(tk) +
1
N
∑k−1
i=o ϕ
2(ti) .
So far, we have not specified the functional spaces we integrate over. As we show in
this letter, for the equality of these integrals to be valid the functional spaces should be
different. Namely,
∫
C[0,1]
exp

−12
1∫
0
(ϕ˙(t))2dt−
1
2
1∫
0
ϕ4(t)dt−
1
3
[
ϕ3(1)− ϕ3(0)
]
+
1∫
0
ϕ(t)dt

 dϕ =
∫
Y
exp

−12
1∫
0
(χ˙(t))2dt

 dχ 6= 1 , (4)
where Y ⊂ C[0, 1] , Y 6= C[0, 1] . Conversely,
1 =
∫
C[0,1]
exp

−12
1∫
0
(χ˙(t))2dt

 dχ =
∫
X
exp

−12
1∫
0
(ϕ˙(t))2dt−
1
2
1∫
0
ϕ4(t)dt−
1
3
[
ϕ3(1)− ϕ3(0)
]
+
1∫
0
ϕ(t)dt

 dϕ , (5)
where X 6= C[0, 1] , X ⊃ C[0, 1] .
Now, let us study the structure of the space X . Consider a function χ(t) ∈ C[0, 1]. Let
us find the general form of the function ϕ(t) satisfying the equation (2). For the function
µ(t) = χ(t)− ϕ(t) we have
µ(t) =
t∫
0
(µ(τ)− χ(τ))2 dτ ,
and
µ˙(t) = (µ(t)− χ(t))2 .
2
So, there is a point t1 where the function µ(t1) > 0. For the function
ν(t) =
1
µ(t)
the differential equation looks like
ν˙(t) = −(1 − χ(t)ν(t))2 .
As ν˙(t) < 0 and ν(t1) > 0 there can be a point t
∗ ∈ [t1, 1] where ν(t
∗) = 0. In the vicinity
of this point we have
ν(t) = −
t∫
t∗
(1− χ(τ)ν(τ))2 dτ = −(t− t∗)− χ(t˜)(t− t∗)2 +O((t− t∗)3) , t˜ ∈ [t∗, t] ,
and
µ(t) = −
1
t− t∗
+ χ(t˜) +O((t− t∗)) , t˜ ∈ [t∗, t] .
That is, the function ϕ(t) has a singularity at t = t∗ and in the vicinity of the point the
function ϕ(t) has the form ϕ(t) = (t− t∗)−1 +O((t− t∗)) .
As the function χ(t) is bounded on [0, 1], there is a finite interval [t1, t2] ⊂ [0, 1] where
the function ϕ(t) has the only singularity (t− t∗)−1 .
Depending on the form of the function χ(t) there can be other finite intervals [t3, t4] , . . .
where ϕ(t) has singularities of the same type (t− t∗j)
−1 and the behavior of the function
ϕ(t) in the vicinity of the point t∗j is given by the equation
ϕ(t) =
1
t− t∗j
+O((t− t∗j )) . (6)
Due to the compactness of the interval [0, 1] the number of the singularities is finite
(j = 1, . . . , n ) for every χ(t) .
To elucidate the result obtained we notice that for the bounded function χ(t) there
can be some regions where |ϕ(t)| becomes large enough. And in these regions the behavior
of the function ϕ(t) is prescribed by the equation ϕ˙ = −ϕ2 .
Now, the space X can be represented in the form
X = X0 ∪X1 ∪X2 ∪ . . .Xn ∪ . . . ,
where X0 = C[0, 1] and Xn is the space of functions with n singularities of the type (6).
The equation (5) looks like
1 =
∫
C[0,1]
exp

−12
1∫
0
(χ˙(t))2dt

 dχ =
∞∑
n=o
∫
Xn
exp

−12
1∫
0
(ϕ˙(t))2dt−
1
2
1∫
0
ϕ4(t)dt−
1
3
[
ϕ3(1)− ϕ3(0)
]
+
1∫
0
ϕ(t)dt

 dϕ . (7)
3
We can easily evaluate [3] the functional integral
∫
C[0,1]
exp

−12
1∫
0
(χ˙(t))2dt+ ı
1∫
0
χ(t)η(t)dt

 dχ =
exp

−12
1∫
0
1∫
0
min(t1, t2) η(t1)η(t2) dt1dt2

 . (8)
However, the functional integrals of the form
∫
Xn
exp

−12
1∫
0
(ϕ˙(t))2dt

 P(ϕ) dϕ , n ≥ 1 ,
where P(ϕ) is a polynomial, do not exist. exp
{
−1
2
1∫
0
(ϕ˙(t))2dt
}
dϕ is not a measure on
Xn , (n ≥ 1) . (It forces us to recall the well-known Haag theorem (see e.g. [4]) ). And
only
exp

−12
1∫
0
(ϕ˙(t))2dt−
1
2
1∫
0
ϕ4(t)dt−
1
3
[
ϕ3(1)− ϕ3(0)
]
+
1∫
0
ϕ(t)dt

 dϕ (9)
can be considered as a measure on Xn , (n ≥ 1) .
We would like to stress that in the equation (2) the functions χ(t) and ϕ(t) are in
one-to-one correspondence. However, it is not valid for the substitutions χ(t) = ϕ(t) +
t∫
0
ϕk(τ)dτ with k > 2 .
In realistic quantum field theory (with the dimension of space-time d = 4) the inter-
acting fields are not the continuous functions but distributions. That is why, we have to
consider functional integrals over the functional spaces more complicated than C[0, 1] .
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